Recently Y. Baba [Y. Baba, On self-duality of Auslander rings of local serial rings, Comm. Algebra 30 (6) (2002) 2583-2592] proved that certain quasi-Harada rings have a self-duality. In this paper, we also investigate left quasi-Harada rings and obtain several results including an improvement of the result of Y. Baba and applications to self-duality of locally distributive rings. Particularly we shall obtain several results related to Azumaya's conjecture ("every exact artinian ring has a self-duality"). ( * ) gRg is a local serial ring; ( * * ) rad(gRg)\ rad(gRg) 2 contains a central element of gRg, then R has a self-duality, where g is an idempotent of R with gR a minimal faithful right Rmodule. In this paper, we notice that gRg ∼ = End R (gR) and End R (E(R R )) are Morita equivalent
and we show that a left quasi-Harada ring R has a good self-duality, a special type of self-duality, whenever the endomorphism ring End R (E(R R )) has a good self-duality. Since every serial ring has a good self-duality, we can improve the result of Y. Baba by these observations. Furthermore, we note that locally distributive right QF-2 rings are left quasi-Harada. Therefore we can apply the results for left quasi-Harada rings to locally distributive right QF-2 rings. It is conjectured that every exact artinian ring (especially, locally distributive ring) has a self-duality (Azumaya's conjecture). For the conjecture, we shall obtain several results about (good or almost) self-duality of locally distributive rings.
Section 1 is devoted to study of inheritances of good self-duality for certain subrings. We shall call such subrings diagonally complete. We prove that if two rings are Morita dual, then there exists a one-to-one correspondence between diagonally complete subrings of the two Morita dual rings via Morita duality (Theorem 1.5) and show that diagonally complete subrings inherit Morita duality and good self-duality (Theorem 1.10).
In Section 2, we apply results of Section 1 to the endomorphism ring End R (X) of a finite direct sum X = n i=1 X i of quasi-injective right R-modules X i . Noting that End R (X) can be represented by a factor ring of a diagonally complete subring of the endomorphism ring End R (E(X)), we show that if End R (E(X)) has a good self-duality, then End R (X) also has a good self-duality (Theorem 2.4).
In Section 3, we investigate relations between left quasi-Harada rings and QF rings. We show that every left quasi-Harada ring is right artinian and has a right Morita duality (Theorem 3.9) and that every left quasi-Harada ring can be constructed from a QF ring (Theorem 3.13).
In Section 4, applying the results of Section 2 to left quasi-Harada rings, we investigate good self-duality of left quasi-Harada rings and obtain an improvement of the result of Y. Baba [7, Theorem 5] (Theorem 4.1 and Corollary 4.2). We also show that every left quasi-Harada ring with finite ideal lattice has an almost self-duality, a generalization of self-duality (Theorem 4.10).
Finally, we devote Section 5 to study of self-duality for locally distributive rings. As applications of the results of preceding sections, for a locally distributive ring R, we show the following: if R is right QF-2, then R has an almost self-duality, and if R has homogeneous right socle or R is right serial, then R has a good self-duality (Theorems 5.2, 5.3 and 5.4). We shall also remark some facts about Azumaya's conjecture (Theorem 5.7 and Corollaries 5. 8 and 5.9) . Concluding the paper, we give an example of indecomposable locally distributive QF rings that realize any non-cyclic permutation as its Nakayama permutation (Example 5.10).
Throughout this paper, all rings have identity, all modules are unitary and all homomorphisms are operated on the opposite side of scalars. For a module X over a ring R, we denote the injective hull, the radical, the socle, and the top of X by E(X), rad(X), soc(X) and top(X), respectively. Here top(X) is defined by X/ rad(X). We denote by L(X) the lattice of submodules of X. For a positive integer n, we denote by X (n) the direct sum of n-copies of X. For notation, definitions and known results in ring theory, we shall mainly refer [2] and [31] .
Good self-duality of diagonally complete subrings
In this section we deal with Morita duality. Main tools for investigations are double annihilator properties.
Let X R and S Y be modules, let S U R be a bimodule and let μ : Y × X → U be an (S, R)-bilinear map. (See [2, p. 280] .) The annihilators define mappings between the lattices L(X R ) and L( S Y ). We shall mainly treat bilinear maps induced by natural multiplications.
We recall that a bimodule S U R defines a Morita duality in case S U R is faithfully balanced and both U R and S U are injective cogenerators. We say that R has a right (respectively left) Morita duality in case there exist a ring S and a bimodule S U R (respectively R U S ) that defines a Morita duality. For two rings R and S, we say that R is right Morita dual to S (S is left Morita dual to R) in case there exists a bimodule S U R defining a Morita duality. If S U R defines a Morita duality, then soc(U R ) = soc( S U) (see [31, Lemma 14.4 (1)]). So we simply denote soc(U ) = soc(U R ).
Let R be a semiperfect ring. Following [31, p . 87], we say that a finitely cogenerated injective right R-module X and a finitely generated projective left R-module Y form a pair in case the sets of simple submodules of soc(X R ) and top(Hom R (Y, R) R ) are the same within isomorphisms. For a bimodule S U R defining a Morita duality and for idempotents e ∈ R and f ∈ S, the finitely cogenerated injective right R-module f U R and the finitely generated projective left R-module R Re form a pair if and only if f soc(U )e = 0 and f soc(U )e = 0 for all primitive idempotents e ∈ eRe and f ∈ f Sf . We note that f U R and R Re form a pair if and only if S Ue and f S S form a pair. 
Proof. This follows from the definitions and Lemma 1.1. 2
Let R be a ring with complete set {e 1 , . . . , e n } of orthogonal idempotents. Then R has the matrix representation 
Proof. (⇒). Let R ∈ R(R;
n i=1 e i Re i ) and let R ij = e i R e j for 1 i, j n. Since e i Re i ⊂ R and R is a subring of R, R ij satisfy the conditions (i), (ii) and (iii).
(⇐). Routine. 2
We now obtain the first theorem, which states the existence of one-to-one correspondence between certain subrings of two Morita dual rings via Morita duality. 
Then
(1) Φ is an order-preserving bijection from R(R; 
Therefore by [31, Theorem 4.12 ] the bimodule S U R defines a Morita duality.
For the rest of the statement, we use the matrix representations. We note from Lemma 1.3(3) that
By Lemma 1.3(1) we have rad(R ) = rad(e i Re i ) : e j R e i l ∩ R ij i,j , where rad(e i Re i ) : e j R e i l = a ∈ e i Re j | ae j R e i rad(e i Re i ) .
Thus it follows from Lemma 1.2 and soc(U
Therefore, for each 1 i n, we have f i soc(U )e i = soc(f i Ue i ) and f i soc(U)e i = soc(f i Ue i ).
By using these relations, we see that f i U R and R R e i form a pair. 2
In view of importance of the subring R of a ring R in Theorem 1.5, we name such subrings. We say that a unital subring R of a ring R is diagonally complete in case R has a complete set {e 1 , . . . , e n } of orthogonal idempotents such that e i R e i = e i Re i for 1 i n, that is, R is in R(R; n i=1 e i Re i ). We shall show inheritances of Morita duality for diagonally complete subrings. We now state inheritances of Morita duality for other rings.
Let R U R define a Morita duality. Then we say that R U R defines a self-duality. Furthermore, if soc(eU ) ∼ = top(eR) for each primitive idempotent e of R, then R U R is said to define a weakly symmetric self-duality. If R U R satisfies the condition l R l U (I ) = I for each ideal I of R, then R U R is said to define a good self-duality (see [11, p. 359] Proof. Since R is serial, there exists a bimodule R U R that defines a weakly symmetric selfduality by [9, Satz] . Then by [11, Proposition 4 .1] R U R defines a good self-duality. 2
The following are other examples of rings with good self-duality. Example 1.8. (1) Every linearly compact commutative ring has a good self-duality. Indeed, by [31, Theorem 6.8 ] the linearly compact commutative ring has a self-duality, which is a good self-duality by [31, the proof of Theorem 4.8].
(2) Let K be a linearly compact commutative ring and let R be a module finite K-algebra (i.e., R is a finitely generated K-module). Then R has a good self-duality. Indeed, letting K V K define a good self-duality (see (1)), we observe from [31, Theorem 7.6 ] that the (R, R)-bimodule Hom K (R, V ) defines a self-duality. It is easy to verify that R Hom K (R, V ) R defines a good selfduality. In particular, every artin algebra has a good self-duality. 
The following inheritances of Morita duality and good self-duality for diagonally complete subrings play important roles of the paper. Proof. Let {e 1 , . . . , e n } be a complete set of orthogonal idempotents for R such that R ∈ R(R; n i=1 e i Re i ).
(1) Assume R has a right Morita duality. Let U = n i=1 E(top(e i R)) and S = End R (U ) and let f i ∈ S be the idempotents corresponding to the projections U → E(top(e i R)) for 1 i n. Then each f i U R and R Re i form a pair. Therefore by Theorem 1.5 R is right Morita dual to S = Φ(R ). Similarly, if R has a left Morita duality, then so does R .
(2) Let R U R define a good self-duality. It is easy to see that each e i U R and R Re i form a pair. Using the notation of Theorem 1.5, we have 
of R has a right Morita duality by Theorem 1.10. In case I = 0, R is an upper triangular matrix ring.
Endomorphism rings of direct sums of quasi-injective modules
In this section we apply Theorem 1.10 to endomorphism rings of finite direct sums of quasiinjective modules and finite direct sums of quasi-projective modules. We begin with the following. The following key lemma shows that the endomorphism ring of certain module can be represented as a factor ring of a diagonally complete subring of the endomorphism ring of some extension.
Lemma 2.1. Let X be a right R-module. (1) X is quasi-injective if and only if X is an (End R (E(X)), R)-subbimodule of E(X). (2) X is quasi-projective if there exist a projective right R-module P and an epimorphism
α : P → X such that Ker(α) is an (End R (P ), R)-subbimodule of P . When X
Lemma 2.2. Let R be a ring and let
Proof. Clearly (X : X) l is a subring of S and (0 : I ) l is an ideal of (X : X) l . Let f i be the idempotents of S corresponding to the projections Y → Y i for 1 i n. Then {f 1 , . . . , f n } is a complete set of orthogonal idempotents for S. For each 1 i n and each α ∈ S, f i αf i is an endomorphism of Y i . Thus by the assumption (i) we have (f i αf i )(X) = (f i αf i )(X i ) X i X. Therefore f i Sf i ⊂ (X : X) l and hence (X : X) l is a diagonally complete subring of S. Finally, by the assumption (ii) the homomorphism defined by restriction (X : X) l → End R (X) is a surjective ring homomorphism with kernel (0 :
The next lemma is a dual of Lemma 2.2 and the proof is omitted.
Lemma 2.3. Let R be a ring and let
We can now prove the main theorems of this section. Theorem 2.5 is a dual of Theorem 2.4 and the proof is omitted.
Theorem 2.4. Let R be a ring and let
X = n i=1 X i and Y = n i=1 Y i be direct sums of right R-modules such that (i) each X i is an (End R (Y i ), R)-subbimodule of Y i , (ii) every endomorphism of X can be extended to an endomorphism of Y .
Then (1) If End R (Y ) has a left or right Morita duality, then so does End R (X). (2) If End R (Y ) has a good self-duality, then so does End R (X).
Proof. (2) Since factor rings inherit good self-duality by Lemma 1.6(3), we can prove the statement as well as (1). 2
Theorem 2.5. Let R be a ring and let
By Lemma 2.1 two theorems above can be applied to finite direct sums of quasi-injective modules and finite direct sums of quasi-projective modules. As is well known, endomorphism rings of finitely cogenerated injective modules and finitely generated projective modules inherit Morita duality and good self-duality (see [31, Corollaries 4.14 and 4.13] and Lemma 1.6). As corollaries of two theorems above, we obtain the following results.
Corollary 2.6. Let R be a ring and let X be a finite direct sum of finitely cogenerated quasiinjective right R-modules.
(
1) If R has a right Morita duality, then End R (X) has a left Morita duality. (2) If R has a good self-duality, then so does End R (X).

Proof. Since X is finitely cogenerated, E(X) is a finitely cogenerated injective right A-module.
Thus if R has a right Morita duality, then End R (E(X)) has a left Morita duality by [31, Corollary 4.14]. Therefore by Lemma 2.1(1) and Theorem 2.4, End R (X) has a left Morita duality. Thus (1) holds. We can obtain (2) similarly. 2 Corollary 2.7. Let R be a ring and let X be a finite direct sum of finitely generated quasiprojective right R-modules.
(1) If R has a right Morita duality, then so does End R (X). (2) If R has a good self-duality, then so does End R (X).
Proof. If R has a right Morita duality, then R is semiperfect and every finitely generated right R-module has a projective cover. Therefore, as is similar to the proof of Corollary 2.6, the statement follows from Lemma 2.1(2), [ . We recall that the maximal right quotient ring Q r max (R) of a ring R is the biendomorphism ring (that is, the double centralizer) of E(R R ) (see [27, p. 207 
]).
Example 2.8. (1) Let R be a ring with good self-duality and let I 1 , . . . , I n be ideals of R. Then by Lemma 2.1(2) and Corollary 2.7, End R ( n i=1 R/I i ) has a good self-duality. In particular, endomorphism rings of finite direct sums of cyclic modules over a linearly compact commutative ring R have a good self-duality. Indeed, the linearly compact commutative ring R has a good selfduality (Example 1.8(1)) and every cyclic R-module is of the form R/I for some ideal I of R.
(2) Let R be a serial ring and let X be a finitely generated right R-module. Then by Corollary 2.7 End R (X) has a good self-duality. Indeed, the serial ring R has a good self-duality (Proposition 1.7) and every right R-module is a direct sum of uniserial (quasi-projective and quasi-injective) modules (see [2, Theorem 32.3] ). We recall that a right artinian ring R is of (right) finite representation type in case R has only a finite number of pairwise non-isomorphic finitely generated indecomposable right R-modules. The (right) Auslander ring of a right artinian ring R of finite representation type is defined as the endomorphism ring of the direct sum of an irredundant set of representatives of the finitely generated indecomposable right R-modules. It is well known that the serial ring R is of finite representation type. From the fact mentioned above, the Auslander ring of the serial ring A has a good self-duality. Y. Baba [7] proved this fact for local serial rings with some condition. To give another example, we recall the concept of locally distributive rings. An R-module X is said to be distributive if the lattice of submodules of X is distributive, i.e., 
Relations between quasi-Harada rings and QF rings
In this section, we investigate relations between left quasi-Harada rings and QF rings and show that every left quasi-Harada ring can be constructed from a QF ring.
Recall that a left artinian ring R is a left quasi-Harada ring if every indecomposable projective right R-module is quasi-injective. Symmetrically right quasi-Harada rings are defined. Left and right quasi-Harada rings are called quasi-Harada rings. (See [8] .) We can apply Lemma 2.3 to left quasi-Harada rings. In view of importance of the application, we state it here.
Lemma 3.1. Let R be a left quasi-Harada ring. Let
We illustrate the lemma above by an example. Example 3.2. Let K be a field and let Q be the quiver 1 β α 2 . Let R = KQ/ α 2 , βα be the factor algebra of the path algebra KQ. (See [4] for quivers and path algebras.) Let e i be the primitive idempotent of R corresponding to the vertex i and we denote by "i" a composition factor that is isomorphic to top(e i R) for i = 1, 2. It is easy to see that the composition diagrams of the Loewy factors of e 1 R, e 2 R and E(e 1 R) = E(e 2 R) are
. Then A ∼ = e 1 Re 1 and A is a local serial ring with J 2 = 0. As is easily seen, we have
Then by Lemma 3.1, (R : R) l is a diagonally complete subring of S, (0 : R) l is an ideal of (R : R) l and R has the representation
K. Oshiro [19] introduced the concept of left Harada rings and investigated structures of left Harada rings deeply. A left artinian ring R is said to be a left Harada ring in case R has a basic set {e ij | 1 i m, 1 j n(i)} of orthogonal primitive idempotents such that Let J = rad(R), e i = e i1 , X ij = e i J j −1 ∼ = e ij R and Y ij = e i R for 1 i m and 1 j n(i).
The following relations hold:
Proof. We have (1) by Lemma 3.1 and have (2), (3) and (4) easily. We now cite several basic properties of left quasi-Harada rings from [5, 8] . Recall that a semiperfect ring R is a right QF-2 ring in case every indecomposable projective right R-module has simple essential socle. (1) For any e, f ∈ E, the following conditions are equivalent: (⇐). Assume S is left quasi-Harada. Since every indecomposable projective right S-module is quasi-injective, every indecomposable injective left R-module is quasi-projective. Since S is left artinian and has a right Morita duality, S is also right artinian by [31, Corollary 18.4] . Thus R is left artinian. Therefore by Lemma 3.4(2) R is left quasi-Harada. 2
Let R be a left quasi-Harada ring with basic set E of orthogonal primitive idempotents. Then we can consider two rings f Rf and End R (E(R R )), where f = {e ∈ E | Hom R (top(eR), R) = 0}. These rings will play very important roles and be used frequently. We denote these rings by Γ (R) and Λ(R), respectively. That is, we define Γ (R) = f Rf and Λ(R) = End R (E(R R )). We note that Γ (R) is basic (by definition), whereas Λ(R) is not basic unless R is basic QF (by Lemma 3.8). 
Thus it follows from Lemma 1.1(1) that f Rf
Next we show Γ (R)
M.e
≈ Λ(S).
We know from the definition of g that two modules E(top(gS)) and E(S S ) are similar, that is, there exist positive integers p and q such that E(top(gS)) and E(S S ) are isomorphic to direct summands of E(S S ) (p) and E(top(gS)) (q) , respectively (see [ Recall that a ring R is said to be right Kasch in case every simple right R-module can be embedded in the regular module R R . The following lemma is essential in our study of left quasiHarada rings.
Lemma 3.8. A left quasi-Harada ring R is QF if and only if R is right Kasch.
Proof. (⇒). Trivial.
(⇐). We may assume that R is basic. Let R U be a minimal injective cogenerator and let S = End R (U ). Then R U S defines a Morita duality by Lemma 3.4(3)(ii) and S is left quasiHarada by Lemma 3.6. We denote by c(M) the composition length of a module M. To show the implication, we claim the following:
Proof of (i). This follows from the proof of Lemma 3.7. Proof of (ii). Since S is right Kasch (by the claim (i)), right QF-2 (by Lemma 3.4(3)(i)), and basic, E(S S ) is a minimal injective cogenerator. Thus we may assume that U S = E(S S ) and R = End S (U ). Let {f 1 , . . . , f n } be a complete set of orthogonal primitive idempotents for S. Then U = 
c( R R) c R R c R (R /I ) = c (R /I ) (R /I ) = c( S S).
Proof of (iii). If c( R R) = c( S S)
, then by the proof of the claim (ii) we have (S : S) l = R and (0 : S) l = 0. To show that S is QF, i.e., S = E(S S ), let x ∈ E(S S ). Let β : S S → E(S S ) be the homomorphism defined by left multiplication of x. We can take an extension α : E(S S ) → E(S S ) of β. Since α ∈ R = (S : S) l , we have xS = β(S) = α(S) S. Thus S = E(S S ) and hence S is QF.
We now complete the proof. Since left quasi-Harada rings have a left Morita duality, by Lemma 3.6 and the claim (i), we have a series of basic left quasi-Harada right Kasch rings Every left quasi-Harada ring has a left Morita duality (Lemma 3.4(3)(ii)). By using Lemma 3.8 and theorems in Section 1, we can prove the following.
Theorem 3.9. Let R be a left quasi-Harada ring. Then R has a right Morita duality. In particular, R is right artinian.
Proof. We denote by n(R) the number of the idempotents of a basic set of orthogonal primitive idempotents for R. We prove the statement by induction on n(R).
In case n(R) = 1, R is a local ring. Thus R is a QF ring and hence R has a right Morita duality.
Assume n(R) > 1. By Lemmas 3.4(3)(ii) and 3.6, there exists a left quasi-Harada ring S with
, then S is right Kasch and hence S is QF by Lemma 3.8. Therefore R is also QF and has a right Morita duality. As a corollary of the theorem above, we have the following characterization of left quasiHarada rings. 
Assume n(Γ (S)) < n(S) (= n(R)). By Lemma 3.1 there exists a diagonally complete subring
S of Λ(S) = End S (E(S S )) and an ideal L of S such that
S ∼ = S /L. Since R M.d ≈ S, we have Λ(S) M.d
≈ Γ (S) by Lemma 3.7. Then Γ (S) and Λ(S) are left quasi-Harada by Lemmas 3.4(3)(iii) and 3.6. Since n(Λ(S)) = n(Γ (S)) < n(S) = n(R), we know from the induction hypothesis that Λ(S) has a right
Corollary 3.10. A ring R is a left quasi-Harada ring if and only if R is right artinian and every indecomposable projective right R-module is quasi-injective.
Proof. (⇒)
.
Proof. Let Q = Q r max (R) and M = E(R R ). We may assume that R Q M. We note that M = E(Q Q )
. Let e be a primitive idempotent of R. Since eR R is quasi-injective, eR is an (End R (eM), R)-subbimodule of eM. Thus we see from End R (eM) = End Q (eM) that eQ is an (End R (eM), Q)-subbimodule of eM. Therefore eQ Q is quasi-injective. On the other hand, since R has a right Morita duality and is right artinian by Theorem 3.9, M = E(R R ) is artinian. Thus Q R is artinian and hence Q is right artinian. Therefore Q is left quasi-Harada by Corollary 3.10. 2
To obtain Theorem 3.13, which states a relation between left quasi-Harada rings and QF rings, we need the following lemma. 
Lemma 3.12. Let R be a left quasi-Harada ring. Then Λ(R)
M.d ≈ Γ (R).
≈ Γ (R). 2
K. Oshiro showed that every left Harada ring can be constructed from a QF ring. Y. Baba and K. Iwase also showed that every (two-sided) quasi-Harada ring can be constructed from a QF ring. We now show a similar result for left quasi-Harada rings.
Let R be a left quasi-Harada ring with basic set E of orthogonal primitive idempotents. 
Recall that Γ (R) = f Rf and Λ(R) = End R (E(R R )), where f = {e ∈ E | Hom R (top(eR), R) = 0}. We define two series of rings
Γ 0 (R), Γ 1 (R), . . . and Λ 0 (R), Λ 1 (R), . . . by Γ 0 (R) = Λ 0 (R) = R, Γ i (R) = Γ (Γ i−1 (R)), Λ i (R) = Λ(Λ i−1 (R)) (i = 1, 2, . . .) inductively.Λ i (R) M.d ≈ Γ Λ i−1 (R) M.d ≈ · · · M.d ≈ Γ i−1 Λ(R) M.d ≈ Γ i (R)
holds. (2) For each i 1, there exist a diagonally complete subring S i of Λ i (R) and an ideal I i of S i such that Λ i−1 (R) ∼ = S i /I i . (3) There exists a non-negative integer m such that Λ m (R) and Γ m (R) are Morita equivalent
QF rings.
Proof. (1) We know from Lemmas 3.4(3)(iii), 3.12 and 3.6 that all of Λ i (R) and Γ i (R) are left quasi-Harada. Applying Lemma 3.12 to Λ i−1 (R), Λ i−2 (R), . . . , R, we obtain
Therefore it follows from Lemma 3.7 that
(2) This follows from Lemma 3.1. (3) Let E be a basic set of orthogonal primitive idempotents for R. The theorem above states that every left quasi-Harada ring can be constructed from a QF ring. That is, start with a QF ring and continue to take a factor ring of a diagonally complete subring. Then we can reach any left quasi-Harada ring. In the following two example, we illustrate Example 3.14. Let K be a field and let Q be the quiver 1 β α 2 γ 3 . Let R = KQ/ α 2 , βα, γβ be the factor algebra of the path algebra KQ. As is similar to Example 3.2, the symbols e i and "i" (i = 1, 2, 3) denote the primitive idempotent of R corresponding to the vertex i and a composition factor that is isomorphic to top(e i R), respectively. It is easy to see that the composition diagrams of the Loewy factors of e i R and E(e i R) (i = 1, 2, 3) are
Thus R is a (right serial) left quasi-Harada ring. Let E 1 = E(e 1 R) = E(e 2 R), E 2 = e 3 R = E(e 3 R), A = End R (E 1 ) and J = rad(A). Then A ∼ = e 1 Re 1 and A is a local serial ring with 
We also have Γ 1 (R) = (e 1 + e 2 )R(e 1 + e 2 ), because soc(R R ) ∼ = top(e 1 R) ⊕ top(e 1 R) ⊕ top(e 2 R). Λ 1 (R) is a non-basic left quasi-Harada ring, Γ 1 (R) is isomorphic to the ring of Example 3.2 and hence Γ 1 (R) is Morita equivalent to Λ 1 (R). Then R can be represented by the factor ring of the diagonally complete subring S 1 of Λ 1 (R) as
Since Λ 1 (R) is Morita equivalent to Γ 1 (R), by Example 3.2 we have matrix representations 
Therefore the ring R is constructed from the serial QF ring Λ 2 (R), which is Morita equivalent to the local serial QF ring Γ 2 (R) ∼ = A, by taking factor rings of diagonally complete subrings twice.
The ring of the next example is a left Harada ring.
Example 3.15. Let A be a local artinian ring with self-duality, M an (A, A)-bimodule that defines a self-duality, J = rad (A) and
By defining MM = 0, R becomes a matrix ring in a natural way, because J N = NJ = 0. Let e ij be the matrix units of R and let e i = e ii for 1 i, j 4. Then {e 1 , e 2 , e 3 , e 4 } is a complete set of orthogonal primitive idempotents of R. It is easy from [2, Theorem 31.3 ] to see the following:
(i) e 1 R R is injective with soc(e 1 R) ∼ = top(e 3 R), (ii) e 2 R R is injective with soc(e 2 R) ∼ = top(e 4 R), (iii) e 3 R R is injective with soc(e 3 R) ∼ = top(e 2 R), and (iv) e 4 R R ∼ = rad(e 3 R R ).
Thus R is a left Harada ring and hence R is left quasi-Harada ring. Therefore by Theorem 3.13, Lemma 3.1 and the fact E(E R ) = e 1 R ⊕ e 2 R ⊕ e 3 R ⊕ e 3 R, we have matrix representations We also have
R) is a non-basic left Harada ring and is Morita equivalent to Γ 1 (R).
The ring R can be represented by the factor ring of S 1 as
It is easy to see that
Thus Λ 2 (R) and Γ 2 (R) are Morita equivalent QF rings, which are not weakly symmetric, and 
(R).
We shall give several applications of Theorem 3.13 to self-duality in Sections 4 and 5. Here we give an application of the theorem to the locally distributivity of left quasi-Harada rings.
To obtain this, we note the following useful characterization of locally distributive rings, which follows from [ Proof. Let S = Γ m (R) be the QF ring of Theorem 3.13. Since S is also left or right locally distributive by Lemma 3.16 and is QF, S is locally distributive by [31, Theorem 15.17] . Therefore, by using the fact that every diagonally complete subring and factor ring of a locally distributive ring are locally distributive (by Lemma 3.16), we obtain from Theorem 3.13 the statement of the proposition. 2
Self-duality of quasi-Harada rings
In this section we investigate self-duality of left quasi-Harada rings R. We begin with the equivalences of the existences of good self-duality for R, Q r max (R), Λ(R) and Γ (R). 
Furthermore, if R is a QF-3 ring, then Rf and gR are minimal faithful left and right R-modules, respectively, and the conditions (a)-(d) are equivalent to
(e) gRg has a good self-duality.
. This is by Lemma 1.6(2).
, we assume that End Q (E(Q Q )) has a good self-duality. We also know from Corollary 3.11 that Q is a left quasi-Harada ring. Hence by Theorem 2.4 Q ∼ = End Q (Q Q ) has a good self-duality.
(b) ⇒ (a). Let E = {e 1 , . . . , e n } be a complete set of orthogonal primitive idempotents for R. Since R is left quasi-Harada and Q = Q r max (R), the decompositions R R = As the following theorem shows, we can reduce the existence of good self-duality for a left quasi-Harada ring to that for a QF ring. In [17] the author proved that every left Harada ring has an almost self-duality. In the rest of the section, we shall prove Theorem 4.10, which states that every left quasi-Harada ring with finite ideal lattice has an almost self-duality.
We recall the definition of almost self-duality. We say that a ring R is left (respectively right) almost Morita dual to a ring S if there exist rings R 1 = R, R 2 , . . . , R p , R p+1 = S such that each R i is left (respectively right) Morita dual to S i+1 . In particular, if R is left almost Morita dual to R itself (equivalently, R is right almost Morita dual to R itself), R is said to have an almost self-duality. (See [26] and [17] .)
To show Theorem 4.10, we need the following several lemmas. For the non-basic case, let {g jk | 1 j m, 1 k t j } be a complete set of orthogonal primitive idempotents for R such that each g jk R ∼ = f j R. For each 1 i p, let
with R i = End S i (P i ) and let P p+1 = P 1 and R p+1 = R 1 . Then P i are faithfully balanced (R i , S i )-bimodules that are finitely generated projective generators on both left-and right-hand sides. Furthermore, let U i = P i+1 ⊗ S i+1 Hom S i (P i , V i ) for 1 i p. Then U i are (R i+1 , R i )-bimodules that define a Morita duality. Let e ij k be the idempotents of R i corresponding to the composites of the j th projections P i → (f ij S i ) (t j ) for 1 j m and the kth projections (f ij S i ) (t j ) → f ij S i for 1 k t j . Then it is routine to see that R 1 = R p+1 ∼ = R and {e ij k | 1 j m, 1 k t j } are required complete sets of orthogonal primitive idempotents for R i . 2 Lemma 4.9. Let R be a ring with almost self-duality. Assume that R has finite ideal lattice.
(1) For every proper ideal I of R, the factor ring R/I has an almost self-duality and finite ideal lattice. (2) Every diagonally complete subring R of R has an almost self-duality and finite ideal lattice.
Proof. Let {e 1 , . . . , e n } be a complete set of orthogonal primitive idempotents for R. Let R 1 = R. By Lemma 4.8, there exist a positive integer p, bimodules R i+1 U i R i (i = 1, 2, . . .) defining a Morita duality, and complete sets {e i1 , . . . , e in } of orthogonal primitive idempotents for R i such that R p+i = R i , e p+i,j = e ij and soc(e i+1,j U i ) ∼ = top(e ij R i ) for each i 1 and 1 j n. We may assume e 1j = e j for each 1 j n. Let R ij k = e ij R i e ik and U ikj = e i+1,k U i e ij . Then
Since the lattices L( R 1jj R 1jk R 1kk ) are finite by assumption and Lemma 4.7, the orders of the automorphisms Ψ jk are finite and hence there exists a positive integer q such that (Ψ jk ) q = 1 for each 1 j , k n. Therefore, replacing p by pq, we may assume that the lattice automorphisms Ψ jk are the identity maps. Let A i = n j =1 e ij R i e ij for i 1. For any (A i A 1 ) -subbimodule X 1 of R 1 and Φ is a mapping from the set of (A 1 , A 1 )-subbimodules of R 1 to itself.
(1) Let I i be a proper ideal of R i . Using a similar way of the proof of Lemma 1.9, we see that
Thus, for a proper ideal I of R = R 1 , R/I is right almost Morita dual to R/Φ(I ). Now, since all Ψ jk are the identity maps, Φ is also the identity map. Therefore R/I has an almost self-duality. It is also clear that R/I has finite ideal lattice.
(2) We may assume that n i=1 e i Re i ⊂ R . Using Theorem 1.5, we can show that R has an almost self-duality by a similar way of the proof of (1). It follows from Lemma 4.7 that R has finite ideal lattice. 2
Now we can prove the following theorem. 
Self-duality of locally distributive rings
As we treated in Section 2, an artinian ring R is locally distributive if each of indecomposable projective left R-modules and indecomposable projective right R-modules are distributive. There is the class of exact artinian rings, which contains locally distributive rings. A bimodule S M R is said to be exact if M has a composition series of subbimodules such that each composition factor is a balanced bimodule. A ring R is said to be exact if the regular bimodule R R R is exact. Every locally distributive ring is exact [31, Theorem 15.10] . Azumaya conjectured that every exact artinian ring has a self-duality. However, even the self-duality for locally distributive rings is still open. (See [31, Sections 13, 14 and 15] for exact rings and locally distributive rings.) In the final section we investigate (good and almost) self-duality for locally distributive rings.
Left quasi-Harada rings are right QF-2. The following lemma shows that the converse holds for locally distributive rings.
Lemma 5.1. Every locally distributive right QF-2 ring R is a left quasi-Harada ring.
Proof. Let e be a primitive idempotent of R. Since R is right QF-2, eR has simple essential socle and E(eR) is indecomposable injective. Then E(eR) is distributive by [31, Theorem 15.17] and hence eR is quasi-injective by [31, Proposition 15.9] and Lemma 2.1(i). Therefore R is a left quasi-Harada ring. 2
Every locally distributive right QF-2 ring is a left quasi-Harada ring with finite ideal lattice by Lemmas 5.1, 3.16 and 4.7. Thus we have the following result from Theorem 4.10.
Theorem 5.2. Every locally distributive right QF-2 ring has an almost self-duality.
The theorem above seems a partial evidence for the conjecture of the self-duality of locally distributive rings. We shall prove the self-duality for certain locally distributive right QF-2 rings.
Let R be a locally distributive ring. Then we know from Lemma 3.16 that L( eRe eRe eRe ) is a chain for each primitive idempotent e of R. We also note from [31, Theorem 15.12] that if R has homogeneous right socle (that is, soc(R R ) is homogeneous), then R is right QF-2. Thus by Theorem 4.6 and Lemma 5.1, every locally distributive ring with homogeneous right socle has a good self-duality. Including this, we now state self-duality of some locally distributive right QF-2 rings. (1) If k 2, then R has a good self-duality. (2) If n 3, then R has a self-duality.
Proof.
(1) Let S = Γ m (R) be the QF ring of Theorem 4.5 and let n(S) denote the number of the idempotents of a basic set of orthogonal primitive idempotents for S. We have n(S) 2 by assumption. If n(S) = 1, then S is a local serial ring. Thus S has a good self-duality. Assume n(S) = 2. Since S is locally distributive, eSe is local serial for each non-zero proper (that is, primitive) idempotent e of S. Thus it follows from [24, Corollary 2] that S has a Nakayama automorphism. Hence by [16, Proposition 2.1] S has a weakly symmetric self-duality, which is a good self-duality by [11, Proposition 4 .1]. Therefore by Theorem 4.5 R has a good self-duality.
(2) Assume n 3. If k = n, then R is locally distributive right QF-2 right Kasch and hence R is QF by Lemma 3.8. Thus R has a self-duality. If k < n, then k 2 and hence R has a good self-duality by (1). 2
As we often mentioned, every serial ring has a (weakly symmetric) self-duality. Many ringtheorists had tried to show this result. The weakly symmetric self-duality of serial rings is proved by F. Dischinger and W. Müller [9] . However J. Waschbüsch [29] pointed out that the self-duality of serial rings had been claimed earlier by I.K. Amdal and F. Ringdal [1]. Though J.K. Haack did not succeed to prove the self-duality of serial rings, he showed a partial important result [11, Theorem 3.3] that every serial QF ring has a weakly symmetric (good) self-duality. In [20] and [15] K. Oshiro and J. Kado notice that the relationship between left Harada rings and QF rings induces the self-duality of serial rings by combining the result of J.K. Haack. Recently P.N. Ánh [3] gives another proof of the self-duality of serial rings. He also reduce the existence of good self-duality for serial rings to that for serial QF rings by using endomorphism rings of injective hulls of serial rings as a right module. In the following theorem, we show that every locally distributive right serial ring has a good self-duality. Since serial rings are locally distributive, this theorem generalizes the (good) self-duality of serial rings. However our approach is also based on the line of K. Oshiro and J. Kado and is similar to that of P.N. Ánh. In particular, we also reduce the existence of good self-duality for locally distributive right serial rings to that for serial QF rings.
Theorem 5.4. Every locally distributive right serial ring R has a good self-duality.
Proof. We remark that R is left quasi-Harada by Lemma 5.1. Let S = Γ m (R) be the QF ring of Theorem 4.5. Since R is right serial, so is S. Thus S must be serial because S is QF. Therefore S has a good self-duality by [11, (2) We cannot remove the locally distributivity in Theorem 5.4. Indeed, there exist local right serial rings without self-duality (see [30] ).
Investigating the self-duality of left Harada rings, J. Kado and K. Oshiro [15] showed that the following are equivalent: (A) the existence of Nakayama isomorphism for every basic left Harada ring; (B) the existence of Nakayama automorphism for every basic QF ring; and (C) the existence of self-duality for every left Harada ring. It should be noted that the existences of Nakayama isomorphism and weakly symmetric self-duality are equivalent for basic semiperfect rings [ constructed examples of Harada rings without self-duality.) By using the equivalence of (B) and (C) (and the method of the proof), we can obtain several results about the self-duality for locally distributive rings and exact artinian rings. For later use, we now state the proof of the implication (C) ⇒ (B) and preliminary facts.
Let A be a basic QF ring with complete set {e 1 , . . . , e m } of orthogonal primitive idempotents. For each 1 i, j m, we define sets R ij of i × j matrices by
where M i×j denote the sets of (i × j)-matrices. Then R ii are rings and R ij are (R ii , R jj )-bimodules. We define a matrix ring by
Indeed R is an (n × n)-matrix ring, where n = 1 + 2 + · · · + m. As is similar to R, we define
For each 1 i m and 1 j i, let g ijj and h ijj be the (j, j )-matrix units of the rings R ii and S ii , respectively, and let Therefore R is a Harada ring. We remark that the set F also satisfies the similar conditions (i ) to (iv ).
(2) Assume that R has a self-duality. Since R is right Morita dual to S, there exists a ring isomorphism φ from R onto S. We may assume from [10, 18.23.5 ] that φ(E) = F . By the conditions (i), (ii), (i ) and (ii ), we have series of monomorphisms e i1 R ← e i2 R ← · · · ← e ii R and f i1 S ← f i2 S ← · · · ← f ii S such that the image of each monomorphism coincide with radical. Noting that the lengths of the series above differ for 1 i m, we see that φ(e ij ) = f ij for each 1 i m and 1 j i. Thus R has a weakly symmetric self-duality because the relations soc(f ij U) ∼ = top(e ij R) hold for each 1 i m and 1 j i. Therefore A ∼ = eRe also has a weakly symmetric self-duality by Lemma 1.6 (2) , where e = We can now obtain the following result, which states necessary conditions for the conjecture of the self-duality for locally distributive rings to be affirmative. . Assume that every exact artinian ring has a self-duality. As is similar to the proof of Theorem 5.7, every exact QF ring has a weakly symmetric self-duality by Lemma 5.6. Let R be an exact artinian ring. By assumption, R has a self-duality and there exists a bimodule R U R that defines a self-duality. Then R U R is an exact bimodule by [ is a composition series of ideals of T such that each composition factor is a balanced (T , T )-bimodule. Thus T is an exact QF ring. Therefore, as we noted above, T has a weakly symmetric self-duality and hence R has a weakly symmetric self-duality (see the proof of Corollary 5.8). 2
Let R be a basic QF ring with complete set {e 1 , . . . , e n } of orthogonal primitive idempotents. Then there exists a permutation σ of {1, . . . , n} such that soc(e σ (i) R) ∼ = top(e i R) for each 1 i n. This permutation σ is called a Nakayama permutation of R. We say that a ring automorphism α of R is a Nakayama automorphism of R if the restriction of α induces a Nakayama permutation. The existences of Nakayama automorphism and weakly symmetric self-duality are equivalent for basic QF rings [16, Proposition 2.1]. As is well known, Nakayama permutations of indecomposable basic serial QF rings are cyclic or identity. Conversely, for any cyclic permutation σ , there exist indecomposable basic serial QF rings with Nakayama permutation σ . Particularly K. Oshiro and S.H. Rim [24] construct and study the important class of skew matrix rings, which contains serial QF rings with cyclic Nakayama permutation. The restriction of Nakayama permutations of indecomposable basic serial QF rings seems essential for the existence of weakly symmetric self-duality (see [11, Theorem 3.3] ). Concerning these situations, K. Oshiro present the problem whether there exists an indecomposable QF ring R with Nakayama permutation σ for any permutation σ . Concluding this paper, we give an example of indecomposable locally distributive QF rings that realize any non-cyclic permutation as a Nakayama permutation. We note that M. Hoshino [13] independently construct such examples of QF rings in more general setting.
Example 5.10. Let σ be a non-cyclic permutation of I = {1, . . . , n} with n 2. We can construct an indecomposable locally distributive QF ring with Nakayama permutation σ . The set I is a disjoint union of the orbits of σ , where a non-empty subset H of I is an orbit of σ if H = {σ t (i) | t = 0, 1, . . .} for any i ∈ H . Since σ is non-cyclic, σ has at least two orbits. For i ∈ I , let o(i) denote the orbit of σ containing i. We define a quiver Q with vertex set I as the following way: for each i, j ∈ I , there is no arrow from i to j if o(i) = o(j ) and there is exactly one arrow α ji from i to j if o(i) = o(j ). Since σ has at least two orbits, Q is a connected quiver. For any field K, we define a set of relations X = X 1 ∪ X 2 ∪ X 3 of Q by Let R = KQ/ X be the factor algebra of the path algebra KQ. Then it is routine to see that R is an indecomposable locally distributive QF algebra with Nakayama permutation σ . Clearly R has Loewy length 3, i.e., (rad(R)) 3 = 0 and (rad(R)) 2 = 0. For each orbit H of σ , let e H = i∈H e i , where e i are the idempotents of R corresponding to the vertices i. It is also easy to see that e H Re H is an indecomposable serial QF ring of Loewy length 2.
We illustrate the example by a simple one. Let I = {1, 2, 3} and let σ be the permutation of I such that σ (1) = 1, σ (2) = 3, σ (3) = 2. Then the quiver Q is 
